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and only if 1; + Iz = R. In Section 2 of this article, we classify rings R such that @(R) is planar. In 
Section 3 of this article, we classify rings R such that @(R) is a split graph. In Section 4 of this article, 
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1. Introduction 


The rings considered in this article are commutative with identity which admit at least two maximal 
ideals. Let R be a ring. We denote the set of all maximal ideals of R by Maxz(R). We denote the 
Jacobson radical of R by J(R). We denote the cardinality of a set A using the notation |A|. Motivated 
by the research work done on comazimal graphs of rings in [9, 12, 13, 15, 16] and on the annihilating-ideal 
graphs of rings in [5, 6], M. Ye and T. Wu in [18] introduced a graph structure on a ring R, whose vertex 
set is the set of all proper ideals I of R such that J Z J(R) and distinct vertices I; and I, are joined 
by an edge if and only if 4 + Ig = R. M. Ye and T. Wu called the graph introduced by them in [18] as 
the comaximal ideal graph of R and denoted it using the notation @(R) and investigated the influence of 
certain graph parameters of @(R) on the ring structure of R. Let R be a ring such that |Maa(R)| > 2. 
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The aim of this article is to classify rings R such that @(R) is planar; @(R) is a split graph; and @(R) 
is complemented. 


It is useful to recall the following definitions from commutative ring theory. A ring R is said to be 
quasilocal (respectively, semiquasilocal) if R has a unique maximal ideal (respectively, R has only a finite 
number of maximal ideals). A Noetherian quasilocal (respectively, semiquasilocal) ring is referred to as a 
local ring (respectively, a semilocal ring). Recall that a principal ideal ring is said to be a special principal 
ideal ring (SPIR) if R has a unique prime ideal m. It is clear that m is nilpotent. If R is a SPIR with 
m as its only prime ideal, then we denote it by saying that (R,m) is a SPIR. Suppose that a ring T is 
quasilocal with m as its unique maximal ideal such that m 4 (0) and nilpotent. Let n > 2 be least with 
the property that m” = (0). If m is principal, then it follows from (iz) = (i) of [3, Proposition 8.8] that 
{m'|i € {1,...,n — 1}} is the set of all nonzero proper ideals of T. Hence, (T,m) is a SPIR. 


We next recall the following definitions and results from graph theory. The graphs considered in 
this article are undirected and simple. Let G = (V,E) be a graph. Recall from [4, Definition 1.2.2] 
that a clique of G is a complete subgraph of G. The clique number of G, denoted by w(G) is defined as 
the largest integer n > 1 such that G contains a clique on n vertices [4, Definition, page 185]. We set 
w(G) = co if G contains a clique on n vertices for all n > 1. 


Let n € N. A complete graph on n vertices is denoted by K,. A graph G = (V, FE) is said to be 
bipartite if V can be partitioned into two nonempty subsets V, and V2 such that each edge of G has one 
end in V; and the other in Vj. A bipartite graph with vertex partition V; and V4, is said to be complete 
if each element of Vj is adjacent to every element of V2. Let m,n € N. Let G = (V,E) be a complete 
bipartite graph with vertex partition Vj and V2. If |Vi| = m and |V2| = n, then G is denoted by Kinin 
[4, Definition 1.1.12]. 


Let G = (V,E) be a graph. Recall from [4, Definition 8.1.1] that G is said to be planar if G can 
be drawn in a plane in such a way that no two edges of G intersect in a point other than a vertex of G. 
Recall that two adjacent edges are said to be in series if their common end vertex is of degree two [7, page 
9]. Two graphs are said to be homeomorphic if one graph can be obtained from the other by insertion 
of vertices of degree two or by the merger of edges in series [7, page 100]. It is useful to note from [7, 
page 93] that the graph Ks is referred to as Kuratowski’s first graph and the graph K3,3 is referred to 
as Kuratowski’s second graph. The celebrated theorem of Kuratowski states that a graph G is planar if 
and only if G does not contain either of Kuratowski’s two graphs or any graph homeomorphic to either 
of them [7, Theorem 5.9]. 


Let G = (V, E) be a graph. It is convenient to name the following conditions satisfied by G so that 
it can be used throughout Section 2 of this article. 


i) We say that G satisfies (Ku1) if G does not contain Ks as a subgraph (that is, equivalently, if 
w(G) < 4). 


it) We say that G satisfies (Kuj) if G satisfies (f(u,) and moreover, G does not contain any subgraph 
homeomorphic to K5. 


iti) We say that G satisfies (Kuz) if G does not contain K3,3 as a subgraph. 


iv) We say that G satisfies (Kus) if G satisfies (Kuz) and moreover, G does not contain any 
subgraph homeomorphic to K3 3. 


Suppose that a graph G = (V, £) is planar. It follows from Kuratowski’s theorem [7, Theorem 5.9] 
that G satisfies both (uj) and (Ku3). Hence, G satisfies both (Ku) and (Kuz). It is interesting to 
note that a graph G can be nonplanar even if it satisfies both (A'u;) and (ug). For an example of this 
type, refer [7, Figure 5.9(a), page 101] and the graph G given in this example does not satisfy (Kus). 
It is not hard to construct an example of a graph G such that G satisfies (Ku;) but G does not satisfy 
(Kuz). 

Let R be a ring such that |Mazx(R)| > 2. In Section 2 of this article, we try to classify rings R such 
that @(R) is planar. It is proved in [18, Theorem 3.1] that w(@(R)) = |Max(R)|. Hence, @(R) satisfies 


(fu) if and only if |Maxz(R)| < 4. In Section 2 of this article, we first focus on classifying rings R such 
that @(R) satisfies (Kuz). It is shown in Lemma 2.1 that if @(R) satisfies (Kuz) , then |Maz(R)| < 3. 
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Let R be a ring such that |Max(R)| = 2. It is proved in Proposition 2.7 that @(R) is planar if and 
only if @(R) satisfies (Kuz) if and only if R = R, x Rz as rings, where (R;,m;) is a quasilocal ring for 
each i € {1,2} and for at least one i € {1,2}, (R;,m,) is a SPIR with m? = (0). Let R be a ring with 
|Maa(R)| = 3. It is shown in Proposition 2.13 that @(R) satisfies (A-u2) if and only if R = Ry x Re x Rs 
as rings, where (R;,m;) is a SPIR with m? = (0) for each i € {1, 2,3}. It is proved in Theorem 2.18 that 
@(R) is planar if and only if R = R, x Ro x Rg as rings, where R; is a field for at least two values of 
i € {1,2,3} and if i € {1, 2,3} is such that R; is not a field, then (R;,m;) is a SPIR with m? = (0). 


Let G = (V, E) bea graph. Recall that G is a split graph if V is the disjoint union of two nonempty 
subsets kK and S such that the subgraph of G induced on K is complete and S is an independent set of 
G. Let R be a commutative ring with identity. In [16] P. K. Sharma and S.M. Bhatwadekar introduced 
and investigated a graph associated with R, whose vertex set is the set of all elements of R and distinct 
vertices x,y are joined by an edge if and only if Rx + Ry = R. The graph studied in [16] is named as 
the comaximal graph of R in [12]. In [9], M.I. Jinnah and S.C. Mathew classified rings R such that the 
comaximal graph of FR is a split graph. Let R be a ring such that |Maax(R)| > 2. In Section 3 of this 
article, we try to classify rings R such that @(R) is a split graph. It is proved in Lemma 3.2 that if @(R) 
is a split graph, then |Maz(R)| < 3. Let R be a ring such that |Max(R)| = 3. It is shown in Theorem 
3.3 that @(R) is a split graph if and only if R = F, x Fy x F3 as rings, where F; is a field for each 
i € {1,2,3}. Let R be a ring such that |Maz(R)| = 2. It is proved in Theorem 3.5 that @(R) is a split 
graph if and only if R= F x S'as rings, where F is a field and S is a quasilocal ring. 


Let G = (V,E) be a graph. Recall from [2, 11] that two distinct vertices u,v of G are said to be 
orthogonal, written u L v if u and v are adjacent in G and there is no vertex of G which is adjacent to 
both wu and v in G; that is, the edge u — v is not an edge of any triangle in G. Let wu € V. A vertex v 
of G is said to be a complement of u if u L v [2]. Moreover, we recall from [2] that G is complemented 
if each vertex of G admits a complement in G. Furthermore, G is said to be uniquely complemented if 
G is complemented and whenever the vertices u,v,w of G such that u Lv and u L w, then a vertex x 
of G is adjacent to v in G if and only if x is adjacent to w in G. Let R be a ring such that R is not an 
integral domain. Recall from [1] that the zero-divisor graph of R denoted by I'(R) is an undirected graph 
whose vertex set is Z(R)\{0} (here Z(R) denotes the set of all zero-divisors of R) and distinct vertices 
x,y are joined by an edge if and only if ey = 0. The authors of [2] determined in Section 3 of [2] rings R 
such that [(R) is complemented or uniquely complemented. For a ring R, we denote the set of all units 
of R by U(R) and we denote the set of all nonunits of R by NU(R). The Krull dimension of a ring R 
is simply denoted by dim R. In [15, Proposition 3.11] it is proved that the subgraph of the comaximal 
graph of R induced on NU(R)\J(R) is complemented if and only if dim( zfey) = 0. Section 4 of this 
article is devoted to find a classification of rings R such that @(R) is complemented. Let R be a ring such 
that |Maa(R)| > 2. It is verified in Remark 4.1(i¢) that if @(R) is complemented, then it is uniquely 
complemented. It is shown in Theorem 4.7 that @(R) is complemented if and only if R is semiquasilocal. 
Moreover, in Section 4, a discussion on the S-vertices of @(R) is included. Let G = (V, £) be a graph. 
Recall from [14, Definition 2.9] a vertex a of G is said to be a Smarandache vertex or simply a S-vertex 
if there exist distinct vertices x,y, and b of G such that a—2,a— 6, and b—y are edges of G but there is 
no edge joining x and y in G. In [14], A.M. Rahimi investigated the S-vertices of the zero-divisor graph 
of a commutative ring and the zero-divisor graph of a ring with respect to an ideal. For a ring R with 
|Maa(R)| > 2, it is noted in Remark 4.8 that if | MaxR)| = 2, then no vertex of @(R) is a S-vertex. Let 
R be aring such that |Maz(R)| > 3. It is shown in Proposition 4.9 that a vertex I of @(R) is a S-vertex 
if and only if J is not contained in at least two distinct maximal ideals of R. 


Let A, B be sets. If A is a subset of B and A # B, then we denote it symbolically using the notation 
AC B. Let G be a graph. We denote the vertex set of G by V(G). Let R be aring. For a proper ideal 
I of R, as in [15], we denote {m € Maz(R)|m D I} by M(J). 
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2. Some preliminary results and on the planarity of @(R) 


As is already mentioned in the introduction, the rings considered in this article are commutative 
with identity which admit at least two maximal ideals. 


Lemma 2.1. Let R be a ring. If @(R) satisfies (Kuz), then |Maz(R)| < 3. 


Proof. Suppose that |Max(R)| > 4. Let {m;|i € {1,2,3,4}} C Maz(R). Let Vi = {m1, m2, mpm} 
and let V2 = {m3,m4,m3m4}. Observe that Vi; UV2 C V(@(R)), Vi N V2 = 0, and the subgraph of 
@(R) induced on V, U V2 contains K3 3 as a subgraph. Hence, @(R) does not satisfy (Aug). This is in 
contradiction to the hypothesis that @(R) satisfies (Kuz). Therefore, |Max(R)| < 3. 


Lemma 2.2. Let R be a ring such that |Max(R)| > 2. If @(R) satisfies (Kuz), then there exist nonzero 
rings Ry and Ro such that R= R, x Rg as rings. 


Proof. Assume that @(R) satisfies (Kuz). We assert that R admits a nontrivial idempotent. Suppose 
that R does not have any nontrivial idempotent. By hypothesis, |Mazx(R)| > 2. Let m1, m2 be distinct 
maximal ideals of R. Observe that m; + mag = R. Hence, there exist a € m; and b € ms» such that 
a+b=1. Therefore, Ra+ Rb = R. It is clear that for all i,7 ¢ N, Ra’+ Rb’ = R. Since we are assuming 
that R has no nontrivial idempotent, we obtain that Ra’ 4 Ra’ and Rb' 4 Rb’ for all distinct i,7 € N. 
Let V, = { Ra, Ra”, Ra*} and let V2 = { Rb, Rb?, Rb?}. Note that Vj UV2 C V(@(R)) and ViNV2 = @. For 
all i,j € N, Ra‘+ RaJ C m, and Rb’ + RW’ C mg. Hence, no two members of V; are adjacent in @(R) for 
each i € {1,2}. It is clear from the above discussion that the subgraph of @(R) induced on V; UV is K3,3. 
This is a contradiction. Therefore, R admits at least one nontrivial idempotent. Let e be a nontrivial 
idempotent of R. Observe that the mapping f : R > Re x R(1-—e) defined by f(r) = (re,r(1—e)) is an 
isomorphism of rings. Let us denote the ring Re by R; and R(1 —e) by Re. It is clear that R; and Rp 
are nonzero rings and R = R, x Re as rings. 


Remark 2.3. Let R be a ring such that |Mazx(R)| = 2. If @(R) satisfies (Kuz), then we know from 
Lemma 2.2 that there exist nonzero rings Ri, Rz such that R = R, x Ro as rings. As |Maax(R)| = 2, 
it follows that R; is quasilocal for each i € {1,2}. We assume that R = R, x Rg where (R;,m;) is a 
quasilocal ring for each i € {1,2} and try to classify such rings R in order that @(R) satisfies (Kuz). 


Lemma 2.4. Let Ri, Ro be rings and let R= R, x Rz. Suppose that R; has at least two nonzero proper 
ideals for each i € {1,2}. Then @(R) does not satisfy (Kuz). 


Proof. We are assuming that R; has at least two nonzero proper ideals for each i € {1,2}. Let 
I,, Iz be distinct nonzero proper ideals of R, and let J;, Jo be distinct nonzero proper ideals of Rz. Let 
Yi = {h x Re, Tp x Rao, (0) x Ro} and let Vo = {Ri x Ji, Ry x Jo, Ry x (0)}. Observe that VY, UVe ie V(@(R)) 
and Vi 1 V2 = 0. As (7; x Ro) + (Ri x Jp) = Ri X Re for all i,k € {1,2,3} (where we set [3 is the zero 
ideal of Ry and J3 = zero ideal of R2), it follows that the subgraph of @(R) induced on V; U V2 contains 
K3,3 as a subgraph. Therefore, @(R) does not satisfy (Kuz). 


Let I be an ideal of a ring R. Then the annihilator of I in R, denoted by Annprl is defined as 
Annrl = {r € RiIr = (0)}. 


Lemma 2.5. Let (R,m) be a local ring which is not a field. The following statements are equivalent: 
(i) R has only one nonzero proper ideal. 
(ii) (R,m) is a SPIR with m? = (0). 

Proof. (i) = (it) We are assuming that R has only one nonzero proper ideal. Hence, m is the only 


nonzero proper ideal of R. Let x €m,z #0. Then m = Rea. Note that Annem is a nonzero proper ideal 
of R and so, Anngm =m. Hence, m? = (0). Therefore, (R,m) is a SPIR with m? = (0). 
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(ii) > (i) As R is not a field, m 4 (0). Thus if (R,m) is a SPIR with m? = (0), then it is clear that m is 
the only nonzero proper ideal of R. 


Lemma 2.6. Let R = R, x Ro, where (Ri,m;) is a quasilocal ring for each i € {1,2}. The following 
statements are equivalent: 


(i) @(R) satisfies (Kuz). 
(ii) For at least one i € {1,2}, (Ri,m;) is a SPIR with m? = (0). 


Proof. (i) = (ii) Assume that @(R) satisfies (fCu2). We know from Lemma 2.4 that for at least one 
i € {1,2}, R; has at most one nonzero proper ideal. Hence, for that 7, either m; = (0) or in the case 
m; 4 (0), we obtain from Lemma 2.5 that (R;,m;) is a SPIR with m? = (0). Therefore, there exists at 
least one i € {1,2} such that (R;,m;) is a SPIR with m? = (0). 


(ii) = (i) Without loss of generality, we can assume that (R1,mj) is a SPIR with m? = (0). Observe 
that {9MN, =m, x Ro, My = Ry x mg} is the set of all maximal ideals of R. Since |Max(R)| = 2, it follows 
from (3) = (1) of [18, Theorem 4.5] that @(R) is a complete bipartite graph with vertex partition Vi 
and V2, where V; is the set of all proper ideals A of R such that M(A) = {90;} for each 7 € {1,2}. Note 
that if A € Vi, then A = J x Ro for some ideal J of R, such that J C m;. Since there are at most two 
proper ideals of R,, we obtain that |V| < 2. It is now clear that @(R) satisfies (Kua). 


Proposition 2.7. Let R be a ring such that |Maxz(R)| = 2. The following statements are equivalent: 
(i) @(R) is planar. 
(it) @(R) satisfies both (Kuz) and (Kus). 
(iti) @(R) satisfies (Kuz). 
(iv) R= Rx Ry as rings, where (R;,m;) is a quasilocal ring for each i € {1,2} and for at least one 


i € {1,2}, (Ri,m,) is a SPIR with m? = (0) 


Proof. (i) = (iz) This follows from Kuratowski’s theorem [7, Theorem 5.9]. 
(it) = (itt) This is clear. 
(iti) > (iv) This follows from Remark 2.3 and Lemma 2.6. 


(iv) => (i) Let us denote the ring R, x Rz by T. Without loss of generality, we can assume that (Ri, m1) 
is a SPIR with m? = (0). Let Vi, V2 be as in the proof of (ii) = (i) of Lemma 2.6 and it is already noted 
there that |Vi| < 2 and @(T) is a complete bipartite graph with vertex partition V; and V2. It is now 
clear that @(T) is planar. Since R & T as rings, we get that @(R) is planar. 


Let R be a ring such that |Max(R)| = 3. We next try to classify such rings R in order that @(R) 
satisfies (Kuz). 


Lemma 2.8. Let Ri, Rg be rings and let R= R, x Rg. If R, admits at least two maximal ideals and if 
@(R1) does not satisfy (Kuz), then @(R) does not satisfy (Kuz). 


Proof. We are assuming that @(R,) does not satisfy (Kuz). Then there exist subsets A = {), In, I3} 
and B = {Ji, Jo, J3} of V(@(R1)) such that AN B = @ and I; + Jy = Ry for all i,k € {1,2,3}. Let 
Yi = {h x Ra, Ty x Ra, Tz x Ro} and let Vo = {Ji x Ra, J x Ra, J3 x Ro}. Observe that VY,UV c V(@(R)), 
ViN Vo = 0, and as (I; x Re) + (Jp x Ro) = Ry x Ro = R for all i,k € {1,2,3}, it follows that the 
subgraph of @(R) induced on Vj U V2 contains K3,3 as a subgraph. This proves that @(R) does not 
satisfy (Kruz). 


Lemma 2.9. Let R be a ring such that |Max(R)| = 3. If @(R) satisfies (Kuz), then R= R, x Ro x Rg 


as rings, where R; is a quasilocal ring for each i € {1, 2,3}. 
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Proof. Assume that @(R) satisfies (Kuz). As |Maz(R)| = 3, it follows from Lemma 2.2 that there 
exist nonzero rings 7, and T> such that R & T, x T> as rings. Since R has exactly three maximal ideals, 
it follows that either T, or T> is not quasilocal. Without loss of generality, we can assume that 7, is not 
quasilocal. Hence, the number of maximal ideals of T) is exactly two. Let us denote the ring T, x T> 
by T. Since R & T as rings, we obtain that @(T) satisfies (Kuz). Now, it follows from Lemma 2.8 that 
@(T,) satisfies (ug). Hence, we obtain from Lemma 2.2 that there exist nonzero rings JT); and T)2 such 
that T, = Ti, x Tye as rings. Therefore, R = Ty), x Tyg x To as rings. Hence, on renaming the rings 
T11,T\2, and T>, we obtain that there exist rings R,, Re, and Rg such that R= R, x Ro x Rs as rings. 
Since |Max(R)| = 3, it is clear that R; is quasilocal for each i € {1, 2,3}. 


Lemma 2.10. Let R be a ring such that |Max(R)| = 3. If @(R) satisfies (Kuz), then R= R, x Ro x Rg 
as rings, where (R;,m;) is a SPIR with m? = (0) for each i € {1, 2, 3}. 


Proof. Assume that @(R) satisfies (Kuz). We know from Lemma 2.9 that R= R, x R2 x R3 as rings, 
where R; is a quasilocal ring for each i € {1, 2,3}. Let m; denote the unique maximal ideal of R; for each 
i € {1,2,3}. Let us denote the ring Ry x Ro x R3 by T. Since R = T as rings, we obtain that @(T) 
satisfies (Ku). Let i € {1,2,3}. It follows from Lemma 2.4 that R; has at most one nonzero proper 
ideal. Hence, either m; = (0) in which case, R; is a field or m; 4 (0) is the only nonzero proper ideal of 
R; in which case, we obtain from Lemma 2.5 that (R;,m;) is a SPIR with m? = (0). This proves that 
R& R, x R2 x R3 as rings, where (R;,m;) is a SPIR with m? = (0) for each 7 € {1, 2, 3}. 


Lemma 2.11. Let R be a ring such that |Max(R)| = 3. Let {m,,m2, m3} denote the set of all maximal 
ideals of R. Let i € {1,2,3}. Let us denote the set of all proper ideals I of R such that M(I) = {m,} by 
W;. If |Wi| < 2 for each i € {1,2,3}, then @(R) satisfies (Kuz). 


Proof. Suppose that @(R) does not satisfy (uz). Then there exist subsets Vj) = {l1, Io,I3} and 
Vo = {J1, Jo, Jz} of V(@(R)) such that VN V2 = 0 and I;+J;, = R for all i,k € {1,2,3}. After renaming 
the maximal ideals of R (if necessary), we can assume without loss of generality that I, C m,. Since 
I, + Jp = R for each k € {1, 2,3}, it follows that J, Z mj, for each k € {1, 2,3}. By hypothesis, |W2| < 2 
and |W3| < 2. Therefore, we obtain that W2 V2 4 @ and W3NV2 4 0. This implies that J; JoJ3 C mem. 
It follows from J; + J, = R for all 7,k € {1,2,3} that I; + Jj JoJ3 = R for each i € {1,2,3} and so, 
I, +mgm3 = R. Hence, we get that I; €¢ W for each i € {1,2,3}. This implies that |Wi| > 3. This is in 
contradiction to the assumption that |W,| < 2. Therefore, @(R) satisfies (Kuz). 


Let R be a ring such that |Max(R)| = 3. Let i € {1,2,3} and let m,,W; be as in the statement of 
Lemma 2.11. In Proposition 2.12, we classify such rings R in order that |W;| < 2 for each i € {1,2,3}. 


Proposition 2.12. Let R be a ring such that |Maa(R)| = 3. Let {m;|i € {1,2,3}} denote the set of 
all maximal ideals of R. Let i € {1,2,3}. Let us denote the set of all proper ideals I of R such that 
M(I) = {m;} by W;. Then the following statements are equivalent: 


(i) |W;| < 2 for each i € {1,2,3}. 
(ii) R& R, x Rz x R3 as rings, where (Ri,ni) is a SPIR with n? = (0) for each i € {1,2, 3}. 


Proof. («) = (ii) Let i € {1,2,3}. We claim that m; is principal. First, we verify that m, is principal. 
Suppose that m, is not principal. Observe that my Z mz U ms. Let ay € m,\(m2U m3). As my 4 Ra, 
by assumption, it follows from [10, Theorem 81] that there exists a2 € m,\(Ra; U mg Ums3). Note that 
m, 4 Rag and it is clear from the choice of the elements a1, a2 that Ra, 4 Rag and {Ra1, Raz,m,} C Wi. 
This is in contradiction to the assumption that |W1| < 2. Therefore, m; is principal. Similarly, it can be 
shown that mz and mz are principal. Let i € {1,2,3}. Observe that m? = m?. Suppose that m? 4 m3. 
Then {m;,m?,m3} C W;. This is impossible, since |W;| < 2. Therefore, m? = m3. Since m; +m; = R 
for all distinct i,j € {1,2,3}, it follows from [3, Proposition 1.10(7)] that J(R) = N3_,m; = i m;. 
Hence, (J(R))? = (4 nS fr m3? = (J(R))°. Now, as J(R) = (4 m; is principal, there exists 
a € J(R) such that J(R) = Ra. From (J(R))? = (J(R))°, we obtain that Ra? = Ra?. Hence, a? = ra® 
for some r € R. Since 1 — ra is a unit in R, we obtain that a? = 0 and so, (J(R))? = (0). Since 
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m7 + m5 = R for all distinct i,j € {1,2,3} and Nj_ym7 = II? m? = (0), we obtain from the Chinese 
remainder theorem [3, Proposition 1.10(7i) and (iiz)| that the mapping f : R > + x at x a given by 
aL: 2 3 


f(r) = (r+ mj,r + m3,r + m3) is an isomorphism of rings. Let i € {1,2,3}. Let us denote the ring ace 


of R; and it is clear that n? = (0+ m?). This shows that (R;,n;) is a SPIR with n? is the zero ideal of 
R; for each i € {1,2,3} and R& R, x Ro x Rz as rings. 


by R;. Let us denote aa by n;. Since m; is a principal ideal of R, we obtain that n; is a principal ideal 


(ii) = (i) Assume that R © R, x Ry x Rz as rings, where (R;,n;) is a SPIR with n? = (0) for each 
i € {1,2,3}. Let us denote the ring R, x Ro x Rg by T. Observe that T is semilocal with {9, = 
ny xX Re x Rg, Me = Ry x no x Rs, Mts = Ri x Re x ng} as its set of all maximal ideals. Let us denote the 
set of all proper ideals A of T such that M(A) = {9t;} by U; for each i € {1,2,3}. Since R; has at most 
one nonzero proper ideal for each i € {1,2,3}, it follows that |U;| < 2. From R = T as rings, we obtain 
that |W;| < 2 for each i € {1, 2,3}. 


Proposition 2.13. Let R be a ring such that |Max(R)| = 3. The following statements are equivalent: 
(i) @(R) satisfies (Kuz). 
(ii) R& R, x R2 x Rz as rings, where (Ri,m;) is a SPIR with m? = (0) for each i € {1, 2, 3}. 


Proof. (i) = (it) Assume that @(R) satisfies (Cuz). We know from Lemma 2.10 that R= Rix R2x R3 
as rings, where (R;,m;) is a SPIR with m? = (0) for each 7 € {1, 2, 3}. 


(ii) = (i) Assume that R ~ R, x Rp x R3 as rings, where (R;,m;) is a SPIR with m? = (0) for each 
i € {1,2,3}. Let {9;|¢ € {1,2,3}} denote the set of all maximal ideals of R. Let i € {1,2,3} and let us 
denote the set of all proper ideals J of R such that M(I) = {Mt;} by W;. We know from (ii) = (¢) of 
Proposition 2.12 that |W;| <2. Hence, we obtain from Lemma 2.11 that @(R) satisfies (Kuz). 


Let R be a ring such that |Maxz(R)| = 3. We try to classify such rings R in order that @(R) is 
planar. If @(R) is planar, then we know from Kuratowski’s theorem [7, Theorem 5.9] that @(R) satisfies 
(uz). Hence, we obtain from (7) = (#) of Proposition 2.13 that R = R, x Rg x R3 as rings, where 
(R;,m;) is a SPIR with m? = (0) for each i € {1, 2, 3}. 


Lemma 2.14. Let R = R; x R2 x Rs, where (R;,m;) is a SPIR with m; 4 (0) but m? = (0) for each 
i € {1,2,3}. Then @(R) does not satisfy (Kus). 


Proof. The proof of this lemma closely follows the proof given in [17, Lemma 3.13]. Note that 
|Maa(R)| = 3 and {My =m, x Ro x R3, Me = R, xX my x R3, Ms = R, x Ry x ms } is the set of 
all maximal ideals of R. Let us denote the subgraph of @(R) induced on W = {v1 = i, v2 = M7, vs = 
Ms, v4 = Mo, vs = IB, vg = INF, v7 = MUL AM} by H. Observe that in H, the edges M3 — MAM and 
I A Me — are in series and moreover, in H, v; is adjacent to v4 and vs for each i € {1,2,3}. Further- 
more in H, vy and vg are adjacent to vg. Therefore, on merging the edges v3 — v7 and v7 — vg, we obtain 
a graph H, which contains 33 as a subgraph. Hence, H contains a subgraph which is homeomorphic 
to K33. This shows that @(R) does not satisfy (Kus). 


Lemma 2.15. Let R = F x Ro x R3, where F is a field and (R;,m;) is a SPIR with m; A (0) but 
m? = (0) for each i € {2,3}. Then @(R) does not satisfy (Kuz). 


Proof. The proof of this lemma closely follows the proof given in [17, Lemma 3.14]. Observe that 
Mazx(R)| = 3 and {9% = (0) x Re x Rg, Me = Fx me x R3, Mz = Fx Ro x m3} is the set of all maximal 
ideals of R. Let us denote the subgraph of @(R) induced on W = {v1 = Me, ve = MMs, v3 = NB, v4 = 
Ms, V5 = MMe, ve = MF, v7 = Mt} by H. Note that in H, the edges e1 : v1 — v2, eg : Ve — v3 are edges 
in series and the edges e3 : v4 — Us, €4 : U5 — Ue are edges in series. Observe that in H, v, is adjacent 
to all the elements of W except v3 and vs; v3 is adjacent to all the elements of W except v, and v5; v4 
is adjacent to all the elements of W except v2 and vg; vg is adjacent to all the elements of W except v2 
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and v4; v7 is adjacent to all the elements of W except v2 and v5. Let Hy; be the graph obtained from H 
on merging the edges e; and eg and on merging the edges e3 and e4. It is clear that Hj, is a complete 
graph on five vertices. This proves that @(R) contains a subgraph H such that H is homeomorphic to 
Ks. Therefore, @(R) does not satisfy (-uj). 


Lemma 2.16. Let R= F, x Fy x R3, where F, and F> are fields and (R3,m3) is a SPIR with mg 4 (0) 
but m3 = (0). Then @(R) is planar. 


Proof. Observe that |Maa(R)| = 3 and {9t, = (0) x Ro x Rs, My = F, x (0) x Rg, Mz = Fy x Fo x m3} 
is the set of all maximal ideals of R. Observe that V(@(R)) equals {v1 = M1, vg = Mo, vg = Ms, v4 = 
MN Mo, U5 = Mo Ms, Ue = MT Ms, V7 = m2, vg = MM, Vg = MoM}. It is not hard to verify that @(R) 
is the union of the cycle [ : v; — v3 — vg — v7 — v1, the edges e1 : v3 — v4, €2 : U4 — U7, €3 : VI — V2, and the 
pendant edges e4 : vj — Us, €5 : V1 — Ug, €6 : Vo — Ug, and e7 : Vo — vg. Note that [ can be represented by 
means of a rectangle. The edges e1, e2 are edges in series and their common end vertex v4 can be plotted 
inside the rectangle representing [ and the edges e;,e2 can be drawn inside this rectangle. The edges 
e;(t € {3,4,5,6,7}) are such that one of their end vertices € {v1, v2} and they can be drawn outside the 
rectangle representing [’ in such a way that there are no crossing over of the edges. This proves that 
@(R) is planar. 


Lemma 2.17. Let R= F, x Fp x F3, where F; is a field for each i € {1,2,3}. Then @(R) is planar. 


Proof. Note that |Maz(R)| = 3 and {9t, = (0) x Fo x F3, Me = Fy x (0) x F3, 93 = Fy x Fo x (0)} 
is the set of all maximal ideals of R. Observe that V(@(R)) equals {v, = M1, vg = Mo, vg = Ms, v4 = 
MN, Me, vs = MoM, vg = Mt Mz}. It is clear that @(R) is the union of the cycle T : vy — ve — v3 — 11 
and the pendant edges e; : vj — Us, €2 : v2 — Ug, and e€3 : v3 — v4. The cycle T can be represented by means 
of a triangle and the one of the end vertex of e; is uv; for each 7 € {1,2,3} and the edges e1, e2,e3 can 
be drawn outside the triangle representing [' in such a way that there are no crossing over of the edges. 
This proves that @(R) is planar. 


Theorem 2.18. Let R be a ring such that |Max(R)| = 3. The following statements are equivalent: 
(i) @(R) is planar. 
(it) @(R) satisfies both (Kuz) and (Kus). 


(iti) R= Ry x Ro x Rg as rings, where R; is a field for at least two values of 1 € {1,2,3} and if 
i € {1,2,3} is such that R; is not a field, then (R;,m;) is a SPIR with m? = (0). 


Proof. (i) = (i) This follows from Kuratowski’s theorem [7, Theorem 5.9]. 


(it) => (tit) Since @(R) satisfies (Kus), we get that @(R) satisfies (Kuz). Therefore, we obtain from 
Proposition 2.13 that R ~ R, x Rz x R3 as rings, where (R;,m;) is a SPIR with m? = (0) for each 
i € {1,2,3}. Let us denote the ring Ry x Ro x R3 by T. Since R & T as rings, we obtain that @(T) 
satisfies (Kujy) and (Ku5). As @(T) satisfies (Ku3), it follows from Lemma 2.14 that R; is a field for at 
least one value of i € {1,2,3}. Suppose that R; is a field for exactly one value of 7 € {1,2,3}. Without 
loss of generality, we can assume that R, is a field and Ro, Rs are not fields. In such a case, we obtain 
from Lemma 2.15 that @(T) does not satisfy (Kuj). This is a contradiction. Therefore, R; is a field for 
at least two values of i € {1,2,3}. This proves that R © R, x Rg x Rg as rings, where R; is a field for at 
least two values of i € {1,2,3} and if 7 € {1,2,3} is such that R; is not a field, then (R;,m;) is a SPIR 
with m? = (0). 


iti) => (2) Suppose that R = R, x Ro x Rs as rings, where R; is a field for at least two values of 
i € {1,2,3} and if i € {1,2,3} is such that R; is not a field, then (R;,m;) is a SPIR with m? = (0). Let 
us denote the ring R, x R2 x Rs by T. Note that either R; is a field for each 7 € {1, 2,3}, in which case, 
we obtain from Lemma 2.17 that @(T) is planar or there are exactly two values of 7 € {1, 2,3} such that 
R; is a field and in such a case, we obtain from Lemma 2.16 that @(T) is planar. Since R & T as rings, 
we get that @(R) is planar. 
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3. When is @(R) a split graph? 


Let R be a ring such that |Maa(R)| > 2. The aim of this section is to classify rings R such that 
@(R) is a split graph. Throughout this section, we assume that K is a nonempty subset of V(@(R)) 
such that the subgraph of @(R) induced on K is complete and S is a nonempty subset of V(@(R)) such 
that S is an independent set of @(R). 


Lemma 3.1. Let R be a ring such that @(R) is a split graph with V(@(R)) = KUS and KNS =9. If 
|Maa(R)| > 3, then Max(R) = K. 


Proof. First, we claim that Maxz(R)) C K. Suppose that Max(R) Z K. Then there exists m € 
Mazx(R) such that m ¢ K. Hence, m € S. We are assuming that |Max(R)| > 3. Therefore, there exist 
distinct maximal ideals m’, mw” of R such that m’ A mand m’ 4 m. Since m+n’ = m+m” = m+m'm” = R, 
we get that m’,m’, and m’m” are adjacent to m in @(R). As m € S, we obtain that m’,m”,m'm” € K. 
Hence, m’ and m’m” must be adjacent in @(R). This is impossible, since m’+m'm” = m’ # R. Therefore, 
Max(R) C K. We next verify that kK C Maz(R). Let I € K. Then J is a proper ideal of R and so, 
there exists a maximal ideal m of R such that J C m. We assert that J = m. Suppose that J 4m. Then 
I and m are adjacent in @(R). This is impossible, since J +m =m ¥# R. Hence, J = m and this proves 
that K C Maz(R) and so, K = Maz(R). 


Lemma 3.2. Let R be a ring. If @(R) is a split graph, then |Maz(R)| < 3. 


Proof. Suppose that |Maz(R)| > 4. Now, V(@(R)) = KUS with KN S =. Since @(R) is a split 
graph by assumption, we obtain from Lemma 3.1 that Max(R) = K. Let {m,|¢ € {1,2,3,4}} C Maz(R). 
Note that for all distinct i,j € {1,2,3,4}, mim; ¢ Maz(R) = K and so, mym; € S. Hence, both mime 
and msm, must be in S. Therefore, mym2 cannot be adjacent to mgm, in @(R). This is impossible, since 
mym2 + m3m4 = R. Therefore, |Max(R)| < 3. 


Let R be a ring such that |Maa(R)| = 3. In Theorem 3.3, we classify such rings R in order that 
@(R) is a split graph. 


Theorem 3.3. Let R be a ring such that |Max(R)| = 3. The following statements are equivalent: 
(i) @(R) is a split graph. 
(it) R& Fy x Fy x F3 as rings, where F; is a field for each 1 € {1, 2, 3}. 


Proof. (i) => (ii) We are assuming that @(R) is a split graph. Then V(@(R)) = KUS with ANS = 0. 
As |Maxz(R)| = 3, we obtain from Lemma 3.1 that Max(R) = K. Let {m,,m2,m3} denote the set of 
all maximal ideals of R. Let i € {1,2,3} and let us denote the set of all proper ideals J of R such that 
M(I) = {m;} by W;. We assert that W; = {m,} for each 7 € {1,2,3}. First, we show that Wy = {m,}. 
It is clear that my € Wi. Let I € W, be such that J A m,. As K = Maz(R), it follows that J must 
be in S. Note that mgm3 € S. It is clear that J A mgm3. Now, J,mgms3 € S and S is an independent 
set of @(R), we get that J and mgm3 cannot be adjacent in @(R). However, J + mgm3 = R. This is a 
contradiction and so, J = m,. This shows that W; = {m,}. Similarly, it can be shown that W2 = {m2} 
and W3 = {mg}. We next show that m, is principal for each i € {1, 2,3}. Note that my Z m2Ums3. Hence, 
there exists 2, € m,\(mz Ums3). Observe that Ra, © W, = {m,} and so, my = Ra ,. Similarly, using 
the facts that W2 = {m2} and W3 = {m3}, it can be proved that my = Raz for any x2 € m2g\(m; U ms) 
and ms = Raz for any x3 € m3\(m, Uma). It is clear that J(R) = N3_,m; = eae m; = Rx, x2xr3. Let 
i € {1,2,3}. Note that m? ¢ W; = {m,} and so, m; = m?. This implies that []?_, m; = []?_, m?. Hence, 
Rx, 22x3 = Raaici. Therefore, 712%2%3 = ratakat for some r € R. As 2122%3 € J(R), we obtain that 
1—ra £73 is a unit in R and so, x;x22%3 = 0. Since m; +m; = R for all distinct i,j € {1,2,3} and 
J(R) = (0), we obtain from the Chinese remainder theorem [3, Proposition 1.10(i) and (izi)] that the 


mapping f: R-> a x re x e given by f(r) = (r+mj,,r+m2,7r+ m3) is an isomorphism of rings. Let 
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us denote the field z by F; for each i € {1,2,3}. Therefore, R = F\ x Fy x F3 as rings, where F; is a 
field for each 7 € {1, 2, 3}. 


(it) => (i) We are assuming that R = F\ x Fp x F3 as rings, where F; is a field for each 7 € {1, 2,3}. Let us 
denote the ring F, x F2 x F3 by T. Note that V(@(T)) = {m, = (0) x Fo x F3,m2 = Fy x (0) x F3,m3 = 
PF, x Fy x (0), mimz = (0) x (0) x F3, mgm3 = F) x (0) x (0), mim3 = (0) x Fy x (0)}. Let A = {m1, mg, m3} 
and let S = {my,mg, mym3,m,m3}. It is clear that V(@(T)) = K US, KN S =, the subgraph of @(T) 
induced on K is complete and S is an independent set of @(T'). Therefore, @(T) is a split graph. As 
R&T as rings, we obtain that @(R) is a split graph. 


Let R be a ring such that |Maax(R)| = 2. We next try to classify such rings in order that @(R) is a 
split graph. Lemma 3.4 is well-known. We include a proof of Lemma 3.4 for the sake of completeness. 


Lemma 3.4. Let G = (V,E) be a complete bipartite graph. The following statements are equivalent: 
(i) G is a split graph. 
(it) G is a star graph. 


Proof. (i) => (ii) Assume that G is a split graph. Hence, there exist nonempty subsets K,S of V such 
that V = KUS, KN S =9, the subgraph of G induced on K is complete, and S is an independent set 
of G. By hypothesis, G is a complete bipartite graph. Let G be complete bipartite with vertex partition 
VY, and Vz. We claim that SMV; = @ for some 7 € {1,2}. Suppose that SMV; 4 0 for each i € {1,2}. 
Let s; € SOV; for each i € {1,2}. Then s; and sg are adjacent in G. This is impossible, since S is an 
independent set of G. Therefore, either SV, = 9 or SN V2 = 9. Without loss of generality, we can 
assume that SN V2 = 0. Hence, S = SNV = SN(WUV2) = (SNVj)U(SOVe) = SAV, and so, $C Vy. 
It follows from V = Vij UV. = SUK and $C V,; that V2 C K. Since no two distinct elements of V2 are 
adjacent in G, whereas any two distinct vertices of K are adjacent in G, it follows that |V2| = 1. This 
shows that G is a star graph. 


(ti) = (2) Suppose that G is a star graph. Hence, G is a complete bipartite graph with vertex partition 
V, and V2 such that |V;| = 1 for at least one 7 € {1,2}. Without loss of generality, we can assume that 
|\Vi| =1. With kK = V, and S = Va, it is clear that V = K US,K MS = 9, the subgraph of G induced 
on K is complete, and S is an independent of G. Therefore, G is a split graph. 


Theorem 3.5. Let R be a ring such that |Max(R)| = 2. The following statements are equivalent: 
(i) @(R) is a split graph. 


(it) R& Fx S as rings, where F is a field and S is a quasilocal ring. 


Proof. Let {m,,m2} denote the set of all maximal ideals of R. 


(i) > (di) Assume that @(R) is a split graph. As |Max(R)| = 2, we know from (3) = (1) of [18, Theorem 
4.5] that @(R) is a complete bipartite graph with vertex partition Vi; and V2, where for each 7 € {1,2}, 
V; is the set of all proper ideals J of R such that M(I) = {m;}. As we are assuming that @(R) is a split 
graph, we obtain from Lemma 3.4 that @(R) is a star graph. Hence, there exists a vertex I of @(R) 
such that I is adjacent to each vertex J of @(R) with J 4 I. We can assume without loss of generality 
that I € Vj. In such a case, we obtain that V; = {J}. It is clear that m; € Vi and so, J = my. Let 
aém,\mg. As Ra € Vj, we get that m; = Ra. Observe that a? € m;\mg. Hence, Ra? € V; and so, 
Ra = Ra? = m,. Now, there exists r € R such that a = ra?. This implies that e = ra is a nontrivial 
idempotent element of R and moreover, mj = Ra = Re. Note that the mapping f : R > R(1—e) x Re 
defined by f(x) = (a(1— e), xe) is an isomorphism of rings. Hence, f(m,) = (0) x Re is a maximal ideal 
of R(1 —e) x Re. Therefore, R(1 — e) is a field. Since |Mazx(R)| = 2, it follows that the ring Re is 
quasilocal. Thus with F = R(1—e) and S = Re, we obtain that F is a field and S is a quasilocal ring 
and R= F x S as rings. 


(it) > (#2) Assume that R = F x S as rings, where F is a field and S is a quasilocal ring. Let us denote 
the ring F x S by T. Let V; = {(0) x S} and Vo = {Fx II is a proper ideal of S}. Note that @(T) isa 
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complete bipartite graph with vertex partition V; and V2 and as |V;| = 1, it follows that @(T) is a star 
graph. Hence, we obtain from (iz) > (i) of Lemma 3.4 that @(T) is a split graph. Since R & T as rings, 
we get that @(R) is a split graph. 


4. Some more results on @(R) 


Let R be a ring such that |Maa(R)| > 2. The aim of this section is to classify rings R such that 
@(R) is complemented and to determine the S-vertices of @(R). 


Let R be a ring. Let X be the set of all prime ideals of R. Recall from [3, Exercise 15, page 12] that 
for a subset E of R, the set of all prime ideals p of R such that p > E is denoted by V(E). We know 
from [8, Exercise 15, page 12] that the collection {V(E)|E C R} satisfies the axioms for closed sets in a 
topological space. The resulting topology is called the Zariski topology. The topological space X is called 
the prime spectrum of R and is denoted by Spec(R). Let E C R. We know from [3, Exercise 15(i), page 
12] that V(E) = V(J), where I is the ideal of R generated by E. The subspace of Spec(R) consisting 
of all the maximal ideals of R with the induced topology is called the maximal spectrum of R and is 
denoted by Max(R). The collection {V(I) NM Maxz(R)|I varies over all ideals of R} is the collection of all 
closed sets of Max(R). As in [15], we denote V(I)MN Maz(R) by M(I). Thus M(J), as mentioned in the 
introduction, is the set of all maximal ideals m of R such that m D J. As in [15], for an element a € R, 
we denote (Ra) simply by M(a) and Maz(R)\M(a) by D(a). Let G = (V, E) be a simple graph. Let 
uv € V. Then the set of all u € V such that v is adjacent to u in G is called the set of neighbours of v in 
G and we use the notation Ng(v) to denote the set of all neighbours of v in G. 


Remark 4.1. Let R be a ring such that |Maz(R)| > 2. The following statements hold. 
(i) Let I,J €V(@(R)) be such that I L J in @(R). Then IJ C J(R). 
(it) If @(R) is complemented, then it is uniquely complemented. 


Proof. (i) Suppose that IJ Z J(R). Then there exists a maximal ideal m of R such that IJ Z m. Hence, 
IZmandJZm and so, [+m=J+m=R. Now, me V(@(R)) is such that m is adjacent to both I 
and J in @(R). This is impossible, since I 1 J in @(R). Therefore, IJ C J(R). 


(it) Let I € V(@(R)). We are assuming that @(R) is complemented. Hence, there exists at least one 
J €V(6(R)) such that I L J in @(R). Let J, Jo © V(E(R)) be such that IL Jy and I L Jo in @(R). 
We know from (i) that IJ; C J(R) for each i € {1,2}. Let AE V(@(R)) be such that J, is adjacent to 
Ain @(R). Hence, J, + A= R. We claim that Jo+A= R. Suppose that Jo+A#R. Then there exists 
m € Maz(R) such that Jo +ACm. It follows from I+ Jg = R that Gm. As IJ, C J(R) Cm, we get 
that J, Cm. Therefore, J, + A Cm. This is impossible, since J, + A= R. Hence, J+ A= R. This 
shows that Ng:r)(J1) © Nery (J2). Similarly, it can be shown that Ngr)(J2) © Necry(J1). Therefore, 
Neg r)(J1) = Nery (J2). This proves that @(R) is uniquely complemented. 


Lemma 4.2. Let R be a ring such that |Maaz(R)| > 2. The following statements are equivalent: 
(i) @(R) is complemented. 
(it) M(1) is a closed and open subset of Max(R) for each I € V(@(R)). 


Proof. We adapt an argument found in the proof of [15, Proposition 3.10]. 


(i) > (ti) Assume that @(R) is complemented. Let I € V(@(R)). It is clear that M(J) is a closed subset 
of Mazx(R). Since @(R) is complemented, there exists J © V(@(R)) such that J L J in @(R). Hence, 
I and J are adjacent in @(R) and there is no A € V(@(R)) such that A is adjacent to both J and J in 
@(R). That is, J+ J = R and there is no proper ideal A of R with A+ J =A+J=R. Note that there 
exist a € J and b € J such that a+b=1. We claim that M(I) = D(b). Let me M(I). Asm DI,aeTl 
, and a+b =1, it follows that b ¢ m. Hence, m € D(b). This shows that M(I) C D(b). Let m € D(d). 
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Hence, m+ J = R. Since, J L J in @(R), it follows that 7+ m4 R and so, J Cm. That is, me M(J). 
This proves that D(b) C M(J) and so, M(I) = D(b) is a closed and open subset of Maz(R). 


(it) > (4) Let Te V(@(R)). By assumption, M(J) is a closed and open subset of Maz(R). Hence, there 
exists an ideal J of R such that M(I) = Max(R)\M(J). This implies that [+ J = Rand IJ C J(R). 
If Ae V(@(R)) is such that A+ 7 = A+J=R, then A+IJ = R. This is impossible, since IJ C J(R). 
Therefore, there is no A € V(@(R)) such that A is adjacent to both J and J in @(R). This proves that 
Il Jin @(R). Therefore, @(R) is complemented. 


Proposition 4.3. Let R be a ring such that |Max(R)| > 2. If R is semiquasilocal, then @(R) is 
complemented. 


Proof. Let {m;|i € {1,2,...,n}} denote the set of all maximal ideals of R. Note that V(@(R)) = 
{I|I is a proper ideal of R with I Z J(R)}. Let Te V(@(R)). Let i1,..., 4 € {1,2,...,n} be such that 
M(1) = {m,,...,mj,}. It is clear that 1 < t <n. Let us denote the set {1,2,...,n}\{i1,...,%¢} by 
{is+1,---,4n}- Consider the ideal J = M7_,4,mi,. It is clear that M(J) = {m,,|j € {t+ 1,...,n}}. It 
follows from I+ J = Rand IJ C J(R) that MU) = Maz(R)\M(J) is a closed and open subset of 
Mazx(R). Therefore, we obtain from (iz) > (i) of Lemma 4.2 that @(R) is complemented. 


Corollary 4.4. Let R be a ring such that |Maaz(R)| > 2. If R is semiquasilocal, then @(R) is uniquely 
complemented. 


Proof. This follows from Proposition 4.3 and Remark 4.1(ii). 


Let R be a ring. As in [12], we call the graph studied by P.K. Sharma and S.M. Bhatwadekar in 
[16] as the comaximal graph of R and as in [12], we denote it using the notation [(R). It is useful to 
recall here that the vertex set of [(R) is the set of all elements of R and distinct vertices a and b are 
joined by an edge in I'(R) if and only if Ra+ Rb = R. Moreover, as in [12], we use the notation T',(R) to 
denote the subgraph of I'(R) induced on U(R); we use ['2(R) to denote the subgraph of ['(R) induced on 
NU(R); for a ring R with |Maaz(R)| > 2, we use T'2(R)\J(R) to denote the subgraph of [(R) induced 
on NUR )\J(R). It is shown in [15, Proposition 3.11] that [2(R)\J(R) is complemented if and only if 
dim( za) = = 0. We prove in Theorem 4.7 that for a ring R with |Max(R)| > 2, @(R) is complemented 


if and only if way ~ F, x Fy x--- x F, as rings, where F; is a field for each 7 € {1,2,...,n}. 


Lemma 4.5. Let R be a ring such that |Maaz(R)| > 2. The following statements are equivalent: 
(i) @(R) is complemented. 
(it) C(x) is complemented. 


Proof. (i) = (ii) We are assuming that @(R) is complemented. Observe that J( i Fay) is the zero ideal 
of stH Let 7) V(E( st): Then it is clear that I © V(@(R)). As @(R) is complemented, there 


exists J € V(@(R)) such that J L J in @(R). We know from the proof of (i) = (iz) of Lemma 4.2 that 
there exists b € J such that M(I) = D(b). It is not hard to verify that M(x t Ry) = D(b+ J(R)). Hence, 


for any TB V(E( sen)» M( sty) is a closed and open subset of MZ eae Therefore, we obtain 


from (#4) => (2) of Lemma 4.2 that €( sty) is complemented. 
(ii) = (2) We are oe that @( a(n) is complemented. Let I ¢ V(@(R)). Let us denote the ideal 
I+ J(R) by A. Then x) VCs y)): Since 6 (sR) fi Ry) is complemented, it follows from the proof of 
(i) > (i) of Lemma 4.2 that there eee be R\J(R) ce that M(- soy) = D(b+ J(R)). Now, it is easy 


to verify that M(I) = D(b). Thus for any I € V(@(R)), M(J) is a closed and open subset of Max(R). 
Therefore, we obtain from (iz) => (i) of Lemma 4.2 that @(R) is complemented. 
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Let R be aring. Recall from [8, Exercise 16, page 111] that R is said to be von Neumann regular if 
for each element a € R, there exists b € R such that a = a?b. We know from (a) = (d) of [8, Exercise 
16, page 111] that R is von Neumann regular if and only if dimR = 0 and R is reduced. Hence, if R is 
von Neumann regular, then J(R) = nil(R) = (0). Let R be a von Neumann regular ring. Let a € R. 
We know from (1) = (3) of [8, Exercise 24, page 113] that a = ue, where wu is a unit of R and e is an 
idempotent element of R. Hence, any ideal of R is a radical ideal of R. Let J be any ideal R. Since the 
set of all prime ideals of R equals the set of all maximal ideals of R, it follows from [3, Proposition 1.14] 
that I = r(JZ) is the intersection of all the maximal ideals m of R such that m € M(J). 


Lemma 4.6. Let R be a von Neumann regular ring such that |Max(R)| > 2. The following statements 
are equivalent: 


(i) @(R) is complemented. 
(it) R& F, x Fyx---x Fy, as rings for some n > 2, where F; is a field for each i € {1,2,...,n}. 


Proof. (i) => (it) We are assuming that @(R) is complemented. Since J(R) = (0), it is clear that 
V(@(R)) equals the set of all nonzero proper ideals of R. Let I be a nonzero proper ideal of R. As 
@(R) is complemented, we know from the proof of (i) = (ii) of Lemma 4.2 that M(I) = D(b) for some 
nonzero nonunit b of R. Note that b = ue, where wu is a unit of R and e is an idempotent element of R. 
Therefore, M(I) = D(b) = D(e) = M(1—e). Hence, I = Onem(n™ = Nmem—i-eym = R(1 — e). This 
proves that each ideal of R is finitely generated and so, R is Noetherian. Therefore, we obtain from [8, 
Exercise 21, page 112] that there exist n € N and fields F,..., F, such that R © F, x --- x Fy, as rings. 
Since |Max(R)| > 2, it follows that n > 2. 


(it) = (2) Assume that R = F, x Fy x --- x F, as rings for some n > 2, where F; is a field for each 
i € {1,2,...,n}. Let us denote the ring F, x Fy x --- x F, by T. Note that T is semilocal with 
{m, = (0) x Fh x -++ X Fy, mg = F, x (0) x +--+ X Fy,..-,M, = Fy x --+ X Fy_i x (0)} as its set of all 
maximal ideals. We know from Proposition 4.3 that @(T) is complemented. As R & T as rings, we get 
that @(R) is complemented. Oo 
Theorem 4.7. Let R be a ring such that |Max(R)| > 2. The following statements are equivalent: 

(i) @(R) is complemented. 

(it) Tea =F, x F)x.---x F, as rings for some n> 2, where F; is field for each i € {1,2,...,n}. 


(iti) R is semiquasilocal. 


Proof. (i) = (it) We are assuming that @(R) is a We know fo (i) > (di) of Lemma 
4.5 that E (sty) is complemented. Note a J( 75) « equals the zero ideal of tae Let a € R be such 


that a+ J(R) is a nonzero nonunit of toe As OZ way) is complemented, we obtain from (i) > (#i) 
of Lemma 4.2 that M(a+ 1B) is a closed oS open aiset of Max( zy). 


[15, Lemma 1.2] that dim( x sty) = = 0. Thus why is reduced and zero-dimensional and so, wy is von 


Therefore, it follows from 


Neumann regular. It now fellows from (7) = (it) of Lemma 4.6 that why = =F, x F)x.---x F, for some 
n > 2, where F; is a field for each 7 € {1,2,...,n}. 


(it) => (tit) We are assuming that ste ~ Fx Fy) x.---x F, as rings for some n > 2, where F; is a 
field for each i € {1,2,...,n}. Hence, 516) is semilocal. As |Max(R)| = |Max( zy )|, we get that R is 


semiquasilocal. 


(iti) => (2) Since R is semiquasilocal, we obtain from Proposition 4.3 that @(R) is complemented. 


Let R be a ring with |Maz(R)| > 2. We next discuss some results regarding the S-vertices of @(R). 
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Remark 4.8. Let R be a ring such that |Max(R)| = 2. Let {m1, m2} denote the set of all maximal ideals 
of R. We know from (3) = (1) of [18, Theorem 4.5] that @(R) is a complete bipartite graph with vertex 
partition V, and V2, where V; = {I|M(1) = {m;}} for each i € {1,2}. Hence, it is clear that no vertex of 
@(R) is a S-vertex of @(R). Therefore, for a ring R with |Max(R)| > 2, in determining the S-vertices 
of @(R), we assume that |Max(R)| > 3. 


Proposition 4.9. Let R be a ring such that |Max(R)| > 3. Let Ie V(@(R)). Then the following 


statements are equivalent: 
(i) I is a S-vertex of @(R). 
(it) |Maa(R)\M(J)| 2 2. 


Proof. (i) = (ti) Now, I € V(@(R)) and we are assuming that I is a S-vertex of @(R). Hence, there 
exist distinct I), Io, Is © V(@(R)) such that I — 1), I — In, Ig — Iz are edges of @(R), but there is no edge 
joining J; and J3 in @(R). Since J; and J3 are not adjacent in @(R), there exists m € Max(R) such that 
I, +13 Cm. It follows from I+ I, = p+ 1/3 = R that I Z mand Ig Gm. As I is proper ideal of R, 
there exists m’ € Maz(R) such that Iz C m7. It is clear that m 4 m’ and it follows from J + Ig = R that 
IZ wm’. Hence, {m,m’} C Maz(R)\M(J) and so, |Max(R)\M(1)| = 2. 


(it) => (i) Let I € V(@(R)) be such that |Maa(R)\M(1)| > 2. Let {m,,m2g} C Max(R) be such that 
I Z m;, for each i € {1,2}. By hypothesis, |Max(R)| > 3. Hence, there exists mg € Max(R)\{mi, m2}. 
Observe that I — m,, J — mg, mg — m; 1 mz are edges of @(R), but there is no edge of @(R) joining m, 
and my m3. This proves that Is a S-vertex of @(R). 
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